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OSCILLATIONS OF SCATTERING AMPLITUDE AND RESTRICTIONS ON 
I T S  HIGH-ENERGY B E H A V I O R 1  

Yu.M.  L o m s a d z e ,  Y e . E .  K o n t r o s h  a n d  S . S .  T o k a r '  

4BSTRACT:  Meyman's modi f ied  Theorem I i s  proved.  
I t  is used t o  lower t h e  upper Fro i s sar t -Mar t in  
l i m i t  for t h e  s c a t t e r i n g  ampli tude f ( s )  z f 
( s , t  E 0 )  i n  var ious  assumptions concerning t h e  
behavior  of H ( s )  I m f ( s ) / R e f ( s )  for p h y s i c a l  
va lues  of s + a, provided t h a t  i n  a - s t r i c t l y  
formula ted  s e n s e -  t h e r e  are no abnormally s t r o n g  
o s c i l l a t i o n s  of Tfls). Here we make use of t h e  
a n a l y t i c  f u n c t i o n a l i t y  of t he  ampli tude on ly  
i n  t h e  upper s - h a l f - p l a n e .  I n  t h e  proof we 
t a k e  i n t o  account  t h a t .  t h e  ampli tude f (s l  for 
t h e  r e a l  v a l u e s  of s i s  a genera l i zed  r a t h e r  
than an ord inary  f u n c t i o n .  
t hose  r e c e n t l y  ob ta ined  by Khuri ,  K inosh i ta  
and Vernov. I t  i s  extended t o  t h e  case of 
a r b i t r a r y  b inary  r e a c t i o n s .  The advantages o f  
i n t r o d u c i n g  Meyman asympto t i c  ampl i tudes  are  
po in ted  o u t .  

T h i s  r e s u l t  suppor t s  .) 

I N T R O D U C T I O N  

A f e w  y e a r s  a g o ,  u s i n g  a r a t h e r  g e n e r a l  a s s u m p t i o n  o f  t h e  
c o r r e c t n e s s  of  t h e  Mandels tam c o n c e p t ,  which  h a s  y e t  t o  b e  s t r ic t - .  
l y  p r o v e n ,  F r o i s s a r t  [l] o b t a i n e d  t h e  u p p e r  a m p l i t u d e  l i m i t 2  

/30? \ 

s'e 
Numbers i n  t h e  m a r g i n  i n d i c a t e  p a g i n a t i o n  i n  t h e  f o r e i g n  t e x t .  

T h i s  s t u d y  w a s  r e p o r t e d  a t  t h e  C o n f e r e n c e  on  t h e  A x i o m a t i c  
Approach  t o  t h e  T h e o r y  o f  U n i t  P a r t i c l e s ,  On A p r i l  4 ,  1 9 6 8 ,  i n  
Kiev .  

* I n  t h i s  a r t i c l e  w e  w i l l  n o t  d i f f e r e n t i a t e  b e t w e e n  s = t h e  s q u a r e  
o f  t h e  e n e r g y  i n  t h e  c e n t e r  o f  m a s s  s y s t e m  and  E = t h e  e n e r g y  i n  
t h e  l a b o r a t o r y  s y s t e m ,  as l o n g  as t h e y  c o i n c i d e  a s y m p t o t i c a l l y  
a t  l a r g e  v a l u e s  o f  s ,  which  a r e  t h e  o n l y  o n e s  t h a t  w i l l  c o n c e r n  
u s  h e r e .  
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Not l o n g  a g o ,  M a r t i n  1.27 s u c c e e d e d  i n  a s u f  
j u s t i f i c a t i o n  of  t h i s  l i m i t  on  t h e  b a s i s  o f  t h e  
u l a t e s  o f  t h e  quantum f i e l d  t h e o r y ,  and  t h e r e f o r  
t o  c a l l  i t  a b s o l u t e .  K h u r i  and  K i n o s h i t a  C31, u 
s u p p l e m e n t a r y  a s s u m p t i o n s ,  d i r e c t l y  v e r i f i e d  t h r  
s u c c e e d e d  i n  o b t a i n i n g  v a r i o u s  r e l a t i v e  u p p e r  l i m i t s ,  by  a p p l y i n g ,  
b e s i d e s  a n a l y t i c  f u n c t i o n a l i t y  a n d  u n i t a r i t y ,  c r o s s - s y m m e t r y  d r ~ d  
r e a l  s i m i l a r i t y .  I n  p a r t i c u l a r  , t h e y  showed t h a t  , i f  t h e  amF- & -  

t u d e  of  e l a s t i c  s c a t t e r i n g  o f  a t r u l y  n e u t r a l  s c a l a r  p a r t i c l e  on 
a n o t h e r  s ca l a r  p a r t i c l e  s a t i s f i e s  t h e  l i m i t  (11, and i f ,  f u r t h e r -  
more, b e g i n n i n g  w i t h  any  S O  where  s + 00 a l o n g  t h e  r e a l  a x i s ,  

( t h e  case where  a + c o r r e s p o n d s  t o  a p r e d o m i n a n c e  o f  R e  f ( s )  
o v e r  I m  f(s)) , t h e n ,  a t  p h y s i c a l  v a l u e s  o f  s + co . 

Here  w e  u s e d  t h e  " l o c a l "  method o f  i n t r o d u c i n g  t h e  a u x i l i a r y  f u n c -  
t i o n  and  w e  a s s u m e d ,  i n  a c c o r d a n c e  w i t h  t h e  r e q u i r e m e n t s  o f  
Meyman's Theorem 1, t h e  a b s e n c e ,  as w e  s h a l l  s a y ,  o f  s t r o n g  - /31 
o s c i l l a t i o n s  o f  t h e  a m p l i t u d e  f(s) a t  p h y s i c a l  v a l u e s  o f  s -t co. 
The exac t  meaning  o f  t h i s  t e r m  is' g i v e n  i n  [ 3 ]  and  w i l l  b e  f u r t h e r -  
e x p l a i n e d  i n  S e c t i o n  1. \ 

Very r e c e n t l y ,  Vernov C41,  u s i n g  t h e  " i n t e g r a l "  method of  
i n t r o d u c i n g  s u p p l e m e n t a r y  f u n c t i o n s  and  t h e . s a m e  Meyman's TheGrem 
1, s u c c e e d e d  i n  y e t  f u r t h e r  r e i n f o r c i n g  t h i s  r e s u l t  o f  K h u r i  and  
K i n o s h i t a .  H e  showed ,  u s i n g  t h e  same a s s u m p t i o n s  (1) and  ( 2 )  
( t h e  s u p p l e m e n t a r y  a s s u m p t i o n  H ( s )  < 0 c o n t a i n e d  i n  ( 4 )  i s  a c r L a i i y  
s u p e r f l u o u s ) ,  b u t  w i t h  no  r e s t r i c t i o n  on p o s s i b l e  a m p l i t u d e  o s c i l i a -  

t o w a r d  i n f i n i t y  , t h a t  
. t i o n s  o v e r  an  i n f i n i t e  s e q u e n c e  o f  p h y s i c a l  p o i n t s  si, t e n d i n g  

I f (Si) 1 < 0 (S:-za+e). ( 4 )  

However,  i f  w e  u s e  s u f f i c i e n t l y  l a r g e  p h y s i c a l  v a l u e s  of s ,  i n -  
s t e a d  o f  ( 2 )  a n d  t h e  a m p l i t u d e  s a t i s f i e s  t h e  c o n d i t i o n ,  

t h e n  r e s u l t  ( 4 )  i s  a m p l i f i e d  e v e n  more.: 
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F u r t h e r m o r e ,  K h u r i  a n d  K i n o s h i t a  [SI, i n  t h e  same a s s u m p t i o n  
o f  t h e  a b s e n c e  o f  s t r o n g  a m p l i t u d e  o s c i l l a t i o n s  showed t h a t  i f  OL 

i n  ( 2 )  d i s a p p e a r s ,  b u t  a t  s u f f i c i e n t l y  l a r g e  p h y s i c a l  v a l u e s  o f  s ,  

where  6 > 0 may b e  a r b i t r a r i l y  s - m a l l ,  t h e n  

where  M > 0 i s  an  a r b i t r a r i l y  h i g h  number.  But  i n  [SI i t  w a s  
shown t h a t  t h e  same r e s u l t  f o r  ( 8 )  i s  o b t a i n e d  e v e n  i f  w e  u s e  
f a r  more l i b e r a l  r e s t r i c t i o n s  o n  t h e  p o s s i b l e  a m p l i t u d e  o s c i l l a -  
t i o n s .  - 

A s  l o n g  as  w e  h a v e  s e r i o u s  g r o u n d s  t o  c o n s i d e r  C 6 , 7 1  t h a t  t h e  
g e n e r a l  p r i n c i p l e s  o f  t h e  quantum f i e l d  t h e o r y  ( a n d  e v e n  o f  Mandel- 
s tam's  a s s u m p t i o n )  do n o t  p l a c e  a n y  r e s t r i c t i o n s  on  t h e  p o s s i b l e  
a m p l i t u d e  o s c i l l a t i o n s ,  i t  i s  e s s e n t i a l  t o  d e t e r m i n e  w h e t h e r  or 
n o t  i t  i s  a l s o  i m p o s s i b l e  t o  o b t a i n  t h e  u p p e r  l i m i t s  ( 4 )  and  ( 6 ) .  
f o r  a l l  s u f f i c i e n t l y  l a r g e  p h y s i c a l  v a l u e s  o f  s when u s i n g  s i g -  
n i f i c a n t l y  more l i b e r a l  a s sumpt io ,ns  c o n c e r n i n g  p o s s i b l e  a m p l i t u d e  
o s c i l l a t i o n s  w i t h  r e f e r e q c e  t o  t h e  a b s e n c e  o f  s t r o n g  o s c i l l a t i o n s .  - 
I t  w i l l  b e  shown be low t h a t  t h i s  g o a l  h a s  b e e n  r e a c h e d ,  w i t h  p r o o f  
t h a t  i n  ( 4 1 ,  f o r  a l l  s u f f i c i e n t l y  l a r g e  p h y s i c a l  v a l u e s  o f  s ,  t h e  
c o n d i t i o n  H ( s )  < 0 i s  u n n e c e s s a r y .  F u r t h e r m o r e ,  w e  s h a l l  demon- 
s t r a t e  t h a t  a l l  o u r  i n i t i a l  a s s u m p t i o n s  c a n . b e  c o m p l e t e l y  g r o u n d e d  
i n  p h y s i c a l  f a c t .  

1. The N e c e s s a r y  Theorem 

T o  b e g i n  w i t h ,  w e  s h a l l  c o n s i d e r  t h a t  a m p l i t u d e  i s  c o n t i n u o u s  
a t  t h e  b o r d e r  o f  t h e  h o l o m o r p h i c  r e g i o n .  T h i s  u n j u s t i f i e d  r e s t r i c -  
t i o n  w i l l  b e  w h o l l y  d i s c a r d e d  i n  S e c t i o n  3. I n  o r d e r  t o  b r o a d e n  
t h e  g e n e r a l  i n i t i a l  a s s u m p t i o n  C31 o f  t h e  a b s e n c e  o f  s t r o n g  a m p l i -  
t u d e  o s c i l l a t i o n s  a t  p h y s i c a l  v a l u e s  o f  s + a ,  w e  f i r s t  o f  a l l  
s h a l l  somewhat m o d i f y  Meyman's Theorem 1. 

M o d i f i e d  Meyman's Theorem 1. - / 3 2  

( a )  L e t  t h e  f u n c t i o n  q ( s )  b e  h o l o m o r p h i c  i n  t h e  u p p e r  s - h a l f -  
p l a n e ,  p o s s i b l y ,  w i t h  a c e r t a i n  f i n i t e  p a r t  c u t  o f f ;  l e t  i t  b e  
c o n t i n u o u s  i n  t h i s  r e g i o n  a n d  a t  i t s  b o u n d a r y  (: .e. ,  w i t h  t h e  p a r t  
o f  t h e  r e a l  a x i s  a t  a s u f f i c i e n t  d i s t a n c e ) ;  l e t  it b e  bounded w i t h i r  
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t h i s  r e g i o n  b y  a n  a r b i t r a r y  l i n e a r  e x p o n e n t 3  and  l e t  g ( s )  -+ 0 when 
s -t + co on t h e  r e a l  a x i s ;  - 

( b )  L e t  t h e  f u n c t i o n  g ( s )  s a t i s f y  c r o s s - s y m m e t r y  i n  t h e  fo rm 

( c )  B e g i n n i n g  a t  a c e r t a i n  s u f f i c i e n t l y  h i g h  v a l u e  o f  S O .  

( d )  L e t  t h e  t r a n s f o r m  o f  t h e  upper-  semZci rc le  w i t h  r a d i u s  s ,  
za - which i s  d e f i n e d  by t h e  f u n c t i o n  g'(s) = I/ g(s,) , i n t e r s e c t  t h e  

t h e  r e a l  a x i s  o f  t h e  g ' - p l a n e  a t  t h e  p o i n t  u > ' O ,  and  

( e )  l e t  t h e r e  e x i s t  as  many smal l  p o s i t i v e  v a l u e s  f o r  e = € b o )  
and  d=e'(s0j' , as for a l l  p h y s i c a l  v a l u e s  o f  s > S O  

'e (u') > E I d2 4- E' I g' (s) 13 , 11 4 14' 4 110, 

where  e ( 2 4 ' )  = t h e  s h o r t e s t  d i s t a n c e  f r o m  t h e  p o i n t  u' t o  t h e  
t r a n s f o r m  o f  t h e  [ S O ,  SI s e g m e n i  o f  t h e  r e a l  a x i s ,  wh ich  i s  d e -  
f i n e d  by t h e  f u n c t i o n  g ' ( s )  ( c f .  t h e  F i g u r e ,  where  i t  i s  shown 
t h a t  g ' ( s )  s a t i s f i e s  r e s t r i c t i o n  (10) f o r  c1 = k); i n e q u a l i t y  (11) 
c a n  o b v i o u s l y  b e  u s e d  s o l < l o n g  a s - t h e  g ( s )  f u n c t i o n  d o e s  n o t  o s -  
c i l l a t e ,  as w e  s h a l l  s a y , '  t o  an  a b n o r m a l l y  l a r g e  d e g r e e .  

T h e n ,  a t  p h y s i c a l  v a l u e s  o f  s -f co . 

. T h i s . t h e o r e m  i s  p r o v e d  t o  b e  t h e  b a s i s  o f  i n e q u a l i t y  (11) 
i n  H e r s c h ' s  [SI i n e q u a l i t y  

W e . p o i n t  o u t  t h a t  t h e  e x p o n e n t  s i n  ( 1 2 )  d e p e n d s  o n l y  on E and n o t  
on E ' .  

~~ ~ ~~ - 

T h i s  c o n d i t i o n  f o r  b o u n d i n g  g ( s )  w i t h  a n  a r b i t r a r y  l i n e a r  e x -  
p o n e n t  c a n  b e  s u b s t i t u t e d  by t h e  w e a k e r  c o n d i t i o n  ($:), p r e s e n t e d  
i n  r e f e r e n c e  [83. 
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I n e q u a l i t y  (121, n a t u r a l l y ,  i s  l e s s  r e s t r i c t i v e  t h a n  t h e  p r o o f  
o f  Meyman's Theorem 1, which  i s  d e r i v e d  f r o m  ( 1 2 )  u s i n g  E = 1. 
However Mayman's Theorem 1 r e q u i r e s  t h a t  g ( s )  f u l f i l l  c o n d i t i o n  
(11) a t  E = 1 (we s h a l l  s a y  i n  t h i s  ca se  t h a t  g ( s )  i s  f r e e  o f  s t r o n g  
o s c i l l a t i o n s ) .  I n e q u a l i t y  ( 1 2 )  r e q u i r e s  o n l y  t h a t  (11) b e  s a t i s f i e d  
w i t h  a n  a r b i t r a r i l y  s m a l l  v a l u e  o f  E > 0 [ i n  t h i s  case w e  s a y  t h a t  
g ( s )  i s  f r e e  o f  a b n o r m a l l y  s t r o n g  o s c i l l a t i o n s  ( c f .  F i g u r e ) ] .  

We e x t e n d  t h i s  t e r m i n o l o g y  a l s o  t o  f ( s )  f u n c t i o n s  wh ich  d o  
n o t  t e n d  t o  i n f i n i t y  a t  p h y s i c a l  v a l u e s  o f  s + a .  We s h a l l  s a y  
t h a t  f ( s )  i s  f r e e  o f  s t r o n g  o s c i l l a t i o n s  i f  i t  c a n  b e  r e p r e s e n t e d  
as  t h e  p r o d u c t  of  a c o n t i n u o u s  f u n c t i o n  a n d  a g ( s )  f u n c t i o n  s a t i s -  
f y i n g  (11) w i t h  E '  = 1. If i n  t h i s  d e f i n i t i Q n  w e  d o  n o t  r e q u i r e  
t h a t  E' = 1, t h e n  w e  s h a l l - s p e a k  of t h e  a b s e n c e  o f  a b n o r m a l l y  s t r o n g  
o s c i l l a t i o n s  o f  f(s). The'  e s s e n c e  o f  t h e  ma t t e r  i s  t h a t ,  i n  o r d e r  
t o  p r o v e  ( 4 )  or r e s p e c t i v e l y  ( 6 ) ,  as w i l l  b e  shown b e l o w ,  i n e q u a l -  
i t y  (3.2) i s  s u f f i c i e n t ,  a n d  t h e r e  i s  no  n e e d  t o  a p p e a l  t o  a s t r i c t e r  
p r o o f  o f  Meyman's Theorem 1. 

/ 3 3  2 .  R e s t r i c t i o n s  on  A m p l i t u d e  - 
Now w e  s h a l l  i n d i c a t e  t h e  g e n e r a l  r e q u i r e m e n t s  wh ich  t h e  

a m p l i t u d e  f(s) must, s a t i s f y .  

1, The a m p l i t u d e  f(s) m u s t  b e  h o l o m o r p h i e  i n  t h e  u p p e r  h a l f -  
p l a n e  ( p o s s i b l y ,  w i t h  a c e r t a i n  f i n i t e  p a r t  c u t  o f f )  a n d  b o u n d e d .  
t h e r e  by a n  a r b i t r a r y  l i n e a r  e x p o n e n t .  T h i s  c o n d i t i o n  f o l l o w s  
b o t h  from Meyman's [lo] p r i n c i p l e ,  o f  l o c a l i z a b i l i t y  a n d  f r o m  
Lomsadze and  K r i v s k i y ' s  C J 1 ,  81  f o r m u l a t i o n  of t h e  p r i n c i p l e  o f  
m i c r o c a u s a l i t y .  

F i g u r e :  The H o r i z o n t a l :  L i n e s  Show t h e  Area  
t h a t  i s  F o r b i d d e n  f o r  t h e  g ' ( s )  Curve  f r o m  
P o i n t  S O  t o  P o i n t  s f o r  t h e  Case Where 
E = E '  = 1 ( C o n s i d e r e d  i n  [ a ] ) ;  t h e  V e r r i c a i  
L i n e s  Deno te  t h e  F o r b i d d e n  Area i n  t h e  Case 
Where E = E '  F k. 

2 .  The a m p l i t u d e  o f  f(s) mus t  b e  c o n t i n u o u s  i n  t h e  h o l o m o r p h i c  
area a n d  a t  i t s  b o u n d a r y  ( i ; e . ,  w i t h  t h e  r e a l  a x i s  a t  a s u f f i c i e n r  
d i s t a n c e ) .  T h i s  c o n d i t i o n  t o g e t h e r  w i t h  c o n d i t i o n  1 a s s u r e s  t h e  
a p p l i c a b i l i t y  t o  v a r i o u s  a u x i l i a r y  f u n c t i o n s  ( w h i c h  w i l l  b e  con-  
s t r u c t e d  b e l o w  o n  t h e  b a s i s  o f  t h e  f ( s )  a m p l i t u d e )  o f  t h e  G e n e r a l -  

' i z e d  Maximum P r i n c i p l e  o f  Fragmen,  L i n d e l e f  a n d  N e v a n l i n n a ,  wh ich  
g u a r a n t e e s  s a t i s f a c t i o n  o f  H e r s c h ' s  i n e q u a l i t y  ( 1 3 )  a n d  t h e  c o n d i -  
t i o n s  of  Meyman's.Theorern 1. 

3 .  The a m p l i t u d e  f ( s )  must  s a t i s f y  c r o s s - s y m m e t r y  i n  t h e  fo rm 
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where  t h e  
t h e  u p p e r  
t h e  l e f t - h  

l e f t - h a n d  s i d e  r e p r e s e n t s  t h e  a n a l y t i c  c o n t i n u a t i o n  from 
p a r t  of t h e  r i g h t - h a n d e d  s e m i - a x i s  t o  t h e  u p p e r  p a r t  o f  
a n d e d  semi-axis .  

I n  S e c t i o n  3 w e  s h a l l  t u r n  t o  t h e  g e n e r a l  c o n d i t i o n s  o f  t h e  
a n a l y t i c  f u n c t i o n  imposed  on a m p l i t u d e  i n  o r d e r  t o  weaken i t  
s i g n i f i c a n t l y .  

T h e n ,  on t h e  b a s i s  o f  t h e  M o d i f i e d  Meyman's Theorem 1, w e  c a n  
p r o v e  t h e  f o l l o w i n g :  

Theorem 1. If t h e  a m p l i t u d e  f(s) d o e s  n o t  o s c i l l a t e  t o  an 
a b n o r m a l l y  l a r g e  d e g r e e  and  i f  i t  s a t i s f i e s  t h e  g e n e r a l  p r o p e r t i e s  
1 -3  and  i f  i n e q u a l i t i e s  (1) and  ( 2 )  a r e  c o r r e c t ,  t h e n  a t  s u f f i c i e n t -  
l y  l a r g e  p h y s i c a l  v a l u e s  of  s 

no mat te r  how smal l  t h e  v a l u e  o f  6 > 0 .  

P r o o f .  F o r  t h e  n u l l - o r d e r  i t e r a t i o n ,  l e t  u s  c o n s t r u c t  ( b y ,  
t h e  " l o c a l  me thod" )  t h e  a u x i l i a r y  f u n c t i o n  

The f u n c t i o n  go ( s )  f u l f i l l s  r e q u i r e m e n t  (a.) owing t o  b o t h  c o n d i -  
t i o n s  1 and 2 a n d  r e s t r i c t i o n  (1) f o r  t h e  a m p l i t u d e  f(s). I t  
f u l f i l l s  c o n d i t i o n  (b) owing t o  ( 1 4 )  and  c o n d i t i o n  ( c )  owing t o  
r e s t r i c t i o n  ( 2 ) .  One c a n  a l w a y s  s u c c e e d  i n  s a t i s f y i n g  r e q u i r e m e n t  
( d )  by  o n e ' s  c h o i c e  o f  t h e  s i g n  o f  go ( s ) .  F u r t h e r m o r e ,  a s  l o n g  
as a t  l a r g e  p h y s i c a l  v a l u e s  o f  s 

s i n c e  S-'h-VS, i s  c o n t i n u o u s  a t  l a r g e  v a l u e s  o f  s ,  r e q u i r e m e n t  ( d )  

f( 's) a t  h i g h  e n e r g i e s ,  s o  b r o a d  t h a t  t h e y  t e n d  to v a n i s h  i n  t h e  
a b s e n c e  of  a b n o r m a l l y  s t r o n g  o s c i l l a t i o n s .  

i m p o s e s  v e r y  b r o a d  r e s t r i c t i o n s  on t h e  b e h a v i o r  of  t h e  a m p l i t u d e  - / 3  

T h u s ,  a c c o r d i n g  t o  t h e  M o d i f i e d  Meyman's Theorem 1, a t  s u f f i -  
c i e n t l y  h i g h  p h y s i c a l  v a l u e s  o f  s 

I go (4 1 G 0 (s-") (18) 
1 
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and consequently, 

where 6, > 0 is arbitrarily small. 

For the ( n  + 11th iterational interval we s h a l l  introduce 
the auxiliary function 

where 

F o r  this functioh 

At sufficiently large values of s 

is continuous at large values of s .  Consequently, where s -~i-Pn-I jn-.ys 

according to-tLe Modified Meyman's Theoreml; at sufficiently high 
physical values of s 

and this means that, in fact, at high physical values of s ,  

Insofar as n can be arbitrarily large, there f o l l o w s  immediately 
the necessary result (15). 

Here it is necessary to put special emphasis on the fact that 
each of the gn(s) functions must be considered free of very strong 
oscillations which would be capable of'violating inequality (11). 
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I t  i s  i m p o r t a n t ,  however ,  t h a t  on a c c o u n t  o f  t h e  s m o o t h n e s s  of t h e  
f u n c t i o n  s-l+Bn-,ln-Vs~ a t  a r b i t r a r y  v a l u e s  o f  n , t h i s  r e q u i r e m e n t  
i s  a u t o m a t i c a l l y  f u - l f i l l e d ,  i f  e v e n  one  o f  t h e s e  f u n c t i o n s ,  l e t  
u s  s a y  go (SI, s a t i s f i e s  i n e q u a l i t y  (11). 

We s h a l l  show t h a t  i n e q u a l i t y  ( 2 2 1 ,  s t r i c t l y  s p e a k i n g ,  c a n  be 
s a t i s f i e d  t o  an  a c c u r a c y  on t h e  o r d e r  o f  o n l y  ,O_S_n;lsl. T h i s  
i n d i c a t e s  t h a t  i n  ( 2 2 )  w e  must  make t h e  s u b s t i t u t i o n  &-te+O(In-'s). 
However,  it i s  n o t  d i f f i c u l t  t o  s ee  t h a t  t h e  c o n s i d e r a t - i o n  o f - t h e s e  
te rms  d o e s  n o t  c h a n g e  t h e  r e s u l t  of ( 2 5 )  a n d ,  c o n s e q u e n t l y ,  t h e  
f i n a l  r e s u l t  of (15). The f o l l o w i n g  t h e o r e m  c a n  b e  p r o v e d  t o  b e  
c o m p l e t e l y  a n a l o g o u s .  - 

Theorem 11. If t h e  a m p l i t u d e  f ( s )  d o e s  ; l o t  o s c i l l a t e  t o  an  
a b n o r m a l l y  g r e a t  d e g r e e  and' i f  i t  s a t i s f i e s  t h e  g e n e r a l  p r o p e r t i e s  
1 - 3 ,  a n d  i f  i n e q u a l i t i e s  (1) and  ( 5 )  a r e  a c c u r a t e ,  t h e n  a t  s u f f i -  
c i e n t l y  l a r g e  p h y s i c a l  v a l u e s  o f  8 

We s h a l l  make a f e w  r e m a r k s  c o n c e r n i n g  t h e  f i n a l  r e s u l t  o f  
( 1 5 )  and ( 2 6 ) .  F i r s t  o f  a l l ,  t h i s  r e s u l t  would n o t  c h a n g e  i f ,  
i n s t e a d  o f  i n e q u a l i t y  (131, w e  u s e d  t h e  w e a k e r  i n e q u a l i t y  o f  
N e v a l l i n n a  ( c f .  ( A . 9 )  i n  r e f e r e n c e  C31). I n  t h e  s e c o n d  p l a c e ,  
t h i s  r e s u l t  d o e s  n o t  depend  e i t h e r  on E ,  or on * E ' .  T h i r d l y ,  a l l  

a t  an a r b i t r a r i l y  d e t e r m i n e d  p h y s j c a l  v a l u e  o f  t < 0 ,  f o r  which  
t h e  u p p e r  l i m i t  (1) 1s a l l  t h e  more c o r r e c t .  F i n a l l y ,  i n  t h e  
f o u r t h  p l a c e ,  t h e  a s s u m p t i o n  c o n c e r n i n g  t h e  t r u e  n e u t r a l i t y  o f  one  
o f  t h e  s c a t t e r i n g  p a r t i c l e s  i s  i n s i g n i f i c a n t ,  and  i n s t e a d  of  t h e  
c r o s s - s y m m e t r y  i n  (141, w e  c o u l d  u s e  c r o s s - s y m m e t r y  i n  t h e  f o l l o w -  

/35  t h e  r e s u l t s  o b t a i n e d  a b o v e  a r e  t r u e  n o t  o n l y  a t  t = 0 ,  b u t  a l s o  - 

' i n g  f o r m  ( c f .  f o r  i n s t a n c e  C131): 

f l *  (- S*) = f" (s), ( 2 7 )  

where  t h e  e x p o n e n t s  I a n d  I1 i n d i c a t e  r e s p e c t i v e l y  t h e  r e a c t i o n  
a n d  t h e  c r o s s - r e a c t i o n .  I n  t h i s  case  it would  b e  n e c e s s a r y  t o  
i n t r o d u c e  t h e  s y m m e t r i c a l  a n d  a n t i s y m m e t r i c a l  a m p l i t u d e s  

e a c h  o f  wh ich  w i l l  f u J . f i l 1  t h e  g e n e r a l  p r o p e r t i e s  1 - 3  and  i n  p a r -  
t i c u l a r ,  t h e  c r o s s - r e l a t i o n s h i p  i n  t h e  f o r m  it h a s  i n  (14). The 
u p p e r  l i m i t  i n  (15) or, a l t e r n a t i v e l y ,  ( 2 6 )  w i l l  t h e n  b e  c o r r e c t  
f o r  e a c h  of t h e  a m p l i t u d e s  f1 ( s )  and  f l I ( s ) ,  if e a c h  o f  t h e  amp- 
l i t u d e s  f t ( s )  a n d  f - ( s )  d o e s  n o t  o s c i l l a t e  t o  an  a b n o r m a l l y  
g r e a t  d e g r e e  and  if t h e  f o l l o w i n g  i n e q u a l i t i e s  a r e  s a t i s f i e d :  
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or, a l t e r n a t i v e l y ,  t h e  i n e q u a l i t i e s  

The e x t e n s i o n  o f  t h e s e  r e s u l t s  t o  t h e  case o f  s c a t t e r i n g  o f  
p a r t i c l e s  w i t h  s p i n  d o e s  n o t  p r e s e n t  a n y  p r o b l e m s ,  i f  w e  use i n -  
v a r i a n t  a m p l i t u d e s .  L e t  u s  c o n s i d e r ,  f o r  i n s t a n c e ,  t h e  case o f  
T N - s c a t t e r i n g ,  f o r  wh ich  T h e r e  e x i s t  f o u r  ( a l l o w i n g  f o r  t h e  i s o -  
t o p i c  v a r i a b l e s )  i n v a r i a n t  a m p l i t u d e s :  A + ( 8 )  and  B + ( 8 1 ,  which  
s a t i s f y  t h e  c r o s s - r e l a t i o n s h i p  ( compare  w i t h  C141): 

- 

A' (S) == A"* (- 0, B* (s) = f B"' (- s). 

The r e s u l t s r d e r i v e d  by  u s  a r e  h e r e  a p p l i e d  t o  e a c h  o f  t h e  f o u r  
f u n c t i o n s :  ; ~ A + ( S ) ~  e-(& B"'(s) and  iK(s )  , which  s a t i s f y  c r o s s -  
symmetry i n  - i t s  p r o p e r  fo rm (14). 

3 .  C o n s i d e r a t i o n  o f  t h e  O r i g i n a l  A s s u m p t i o n s  

L e t  u s  n o t e  f i r s t  o f  a l l ,  t h a t  i n  o r d e r  t o  p r o v e  a l l  The a b o v e -  
i n d i c a t e d  r e s u l t s ,  g e n e r a l l y  s p e a k i n g ,  t h e r e  w a s  no n e e d  f o r  t h e  
a n a l y t i c  f u n c t i o n  of  t h e  f ( s )  a m p l i t u d e  i t s e l f .  I t  w a s  s u f f i c i e n t  

. t o  u s e  t h e  a n a l y t i c  f u n c t i o n  o f  t h e  a s y m p t o t i c  a m p l i t u d e  f 00 ( s )  
assumed b y  Meyman [ 1 5 , 1 0 ] ,  f o r  wh ich  w e  u s e  a l l  t h e  r e q u i r e m e n t s  
o f  t h e  G e n e r a l i z e d  Maximum P r i n c i p l e  o f  Fragmen,  L i n d e l e f  a n d  
N e v a n l i n n a ,  wh ich  g u a r a n t e e s  t h e  c o r r e c t n e s s  o f  t h e  M o d i f i e d  Meyman 
Theorem 1. However,  h e r e  it i s  a l s o  n e c e s s a r y  t o  s a t i s f y  t h e  con-  
d i t i o n  o f  a s y m p t o t i c  e q u i v a l e n c e  of  p r e c i s e  and  a s y m p t o t i c  a m p l i -  
t u d e s ,  i . e ' . ,  t o  s a t i s f y  i n e q u a l i t i e s  [13, 1214 

OJ-<O(S). ( 3 2 )  

The p o s s i b i l i t y  o f  e x p e r i m e n t a l l y  t e s t i n g  t h i s  r e q u i r e m e n t  w a s  con -  
s i d e r e d  i n  C121.  We m e n t i o n  t h a t  t h e  f r u i t f u l  r e s u l t s  05 i n t r o -  
d u c i n g  a s y m p t o f i c  a m p l i t u d e s ,  e s p e c i a l l y  €or n o n - b i n a r y  r e a c t i o n s ,  

/ 3  - 

We n o t e  t h a t  t h e  c o n d i t i o n  o f  a s y m p t o t i c  e q u i v a l e n c e  g i v e n  i n  4 

[lo] i s  n o t  c o n c l u s i v e .  
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h a v e  b e e n  r e p e a t e d l y  e m p h a s i z e d  b y  u s  ( c f .  [5,8,131). The i n t r o d u c -  
t i o n  o f  s u c h  a m p l i t u d e s  p e r m i t s  u s  t o  a p p l y ,  w i t h o u t  c h a n g e ,  a l l  
t h e  r e s u l t s  of  t h i s  a r t i c l e  t o  t h e  case o f  a r b i t r a r y  n o n - b i n a r y  
r e a c t i o n s .  Here it i s  s i g n i f i c a n t  t h a t  t h e  F r o i s s a r t - M a r t i n  u p p e r  
l i m i t  (1) i s  c o r r e c t ,  a c c o r d i n g  t o  t h e  o p t i c a l  t h e o r e m ,  a l s o  f o r  
a n y  a r b i t r a r y  n o n - b i n a r y  r e a c t i o n .  

F u r t h e r m o r e ,  f o r  t h e  p u r p o s e  o f  f r e e i n g  o u r s e l v e s  of t h e  11n- 
j u s t i f i e d  a s s u m p t i o n  t h a t  t h e  a m p l i t u d e  f(s) i s  c o n t i n u o u s  i n  and  
a t  t h e  b o u n d a r y  o f  t h e  h o l o m o r p h i c  r e g i o n ,  w e  i n t r o d u c e  t h e  Modi- 
fied G e n s r a l f z e d  Maximum F r i n c i p l e  o f  Fragmen, L i n d e l e f  and  Nevan- 
l i n n a ,  b y  wh ich  w e  r e f o r m u l a t e  t h i s  a s s u m p t i o n  i n  a somewhat w e a k e r  
f o r m ,  i n  c o m p a r i s o n  w i t h  [16,17], b u t  n o n e t h e l e s s  on wh ich  i s  
s u f f i c i e n t l y  a p p l i c a b l e  t o  h i g h - e n e r g y  p h y s i c s .  

We s h a l l  i n d i c a t e  by  T t h e  s i m p l y  c o n n e c t e d  r e g i o n , , c o n t i n u i n g  
t o  i n f i n i t y  and  r e s t r i c t e d  by  two h a l f - l i n e s  I" and r r r ,  which  form 
a n  a n g l e  w i t h  t h e  a p e x  a t  t h e  o r i g i n .  P o i n t s  b e l o n g i n g  t o  :' w e  
s h a l l  d e s i g n a t e  a s  <' ,  p o i n t s  b e l o n g i n g  t o  r r r  as err. L e t  <a and  
<: = p o i n t s  o f  d e t e r m i n e d  s e t s  a' and a" h a v i n g  h a r m o n i c  a b s o l u t e  
or r e l a t i v e  z e r o - d i m e n s i o n s .  L e t  u s  c o n s i d e r t h e  f u n c t i o n  f ( z >  t.0 
b e  h o l o m o r p h i c  w i t h i n  T ,  c o n t i n u o u s  a t  a l l  <'&a' and a l l  I- c''zaN, 
and bounded w i t h i n  T i n  t h e  v i c i n i t y  o f  t h e  f i n i t e  p o i n t s  S'ECL' 
and  S"Ea": . . L e t  u s  assume t h a t  i n  t h e  v i c i n i t y  o f  z = OD,'. t h e  
f u n c t i o n  f ( 8 )  is u n i f o r m l y  bounded w i t h i n  T b y  an a r b i t r a r y  e x p o n e n t  
o f  t h e  order o f  a 

Then w e  c a n  a c c e p t  t h e  f o l l o w i n g :  

M o d i f i e d  Fragmen-Lindelef-Nevanlinna G e n e r a l i z e d  Maximum P r i n -  
c i p l e .  If f ( < ' )  -+ a when < '  -+ a0 a l o n g  a n  a r b i t r a r y  s e q u e n c e  o f  
p o i n t s ,  e x c l u d i n g  t h e  p o i n t s  o f  t h e  n u l l - s e t  of  a ' ,  and  if f ( < " )  -+ b 
when 5 "  + a ,  t h e n  a = b and  f(z) -+ a i s  u n i f o r m  w i t h i n  T .  

The a p p l i c a t i o n  of t h i s  p r i n c i p l e  t o  t h e  s c a t t e r i n g  a m p l i t u d e  
f(s) (or t o  t h e  n t h  a s y m p t o t i c  a m p l i t u d e  fn(s) L-131) i s  a c c o m p l i s h e d  
b y  t h e  f o l l o w i n g  s t e p s .  

1. From Meyman's [lo] " P r i n c i p l e  o f  L o c a l i z a b i l i t y  o f  f rom t h e  
more l i b e r a l  r e q u i r e m e n t  o f  Lomsadze and  K r i v s k i y P s  [11,81 f o r m u l a -  
t i o n  o f  B o g o l y u b o v ' s  m i c r o c a u s a l i t y  p r i n c i p l e  w e  o b t a i n  t h e  homo- 
morphism o f  t h e  a m p l i t u d e  f(s) [or fn(s)l i n  t h e  u p p e r  s - h a l f - p l a n e  
and  i t s  b o u n d e d n e s s  w i t h i n  t h e  u p p e r  s - h a l f - p l a n e  b y  a n  a r b i t r a r y  
l i n e a r  e x p o n e n t .  Here w e  make no  a ~ P < O . P <  a s s u m p t i o n s  c o n c e r n i n g  
t h e  s t a g e  o f  d e v e l o p m e n t  o f  t h e  g e n e r a l i z e d  f u n c t i o n s  and  i n  p a r t i c -  
u l a r ,  w e  c a n  n o t  assume t h a t  t h e y  a r e  m o d e r a t e .  

2 .  The p r i n c i p l e  o f  "Ampl i tude  O b s e r v a b i l i t y "  E 1 2 1  g u a r a n t e e s  
t h e  b o u n d e d n e s s  o f  f(8) [and fjz(s)l i n  t h e  v i c i n i t y  o f  t h e  f i n i t e  

1 0  
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p h y s i c a l  p o i n t s  8 .  T h i s  p r i n c i p l e  c o n s i s t s  of t h e  p h y s i c a l  r e q u i r e -  
ment o f  t h e  e x i s t e n c e  o f  " a v e r a g e d  a m p l i t u d e "  

as 
a n  
it 

a n  o r d i n a r y  
a r b i t r a r y  p 
i s  r e a l  and  

f u n c t i o n  f o r  any  a r b i t r a r y  sma l l  s egmen t  A s  c o n t a i n i n g  

n o n - n e g a t i v e - v a l u e d  ( l e t  u s  s a y ,  " b e l l - s h a p e d l l ) ,  con-  
h y s i c a l  p o i n t  8 .  Here f ~ \ s  ( 8 )  i s  t h e  b a s i c  f u n c t i o n ;  

c e n t r a t e d  on t h e  segmen t  A s ,  and  s a t i s f i e s  t h e  n o r m a l i z a t i o n  r e q u i r e -  
ment - 

Due t o  n a t u r a l  p h y s i c a l  c o n s i d e r a t i o n s ,  it i s  r e q u i r e d  t h a t  t h e  
" a v e r a g e d  a m p l i t u d e "  b e  bounded f o r  any  f i n i t e  p h y s i c a l  v a l u e s  o f  8 :  - /3' 

no  mat te r  how s m a l l  As i s .  

On t h e  b a s i s  of  F a t u P s  C181 t h e o r e m ,  f rom t h e  b o u n d e d n e s s  o f  
f(s) i n  t h e  v i c i n i t y  o f  t h e  f i n i t e  p h y s i c a l  p o i n t s  s ,  t h e r e  f o l l o w s  
t h e  c o n t i n u i t y  o f  f ( s >  ( a n d  fn(S) ) a t  a l l  f i n i t e  b o u n d a r y  p o i n t s .  
b e s i d e s ,  p o s s i b l y ,  s e t s  o f  p o i n t s  h a v i n g  a n  a b s o l u t e  ha rmon ic  n u l l  
d i m e n s i o n .  

3 .  From t h e  p o l y n o m i a l  b o u n d e d n e s s  o f  f ( s )  [or fn(s>] a t  s -t 00 + .  

a l o n g  t h e  r e a l  a x i s ,  e x c l u d i n g  p o i n t s  o f  t h e  n u l l  s e t ,  t h e r e  f o l l o w s ,  
by  v i r t u e  o f  t h e  M o d i f i e d  Fragmen-Lindellef-Nevanlinna G e n e r a l i z e d  

i n  complex i n f i n i t y .  
\ Maximum P r i n c i p l e ,  t h e  a m p l i t u d e ' s  u n i f o r m  p o l y n o m i a l  b o u n d e d n e s s  

4. F u r t h e r m o r e ,  i n  o r d e r  t o  p r o v e  v a r i o u s  a s y m p t o t i c  e q u a t i o n s  
[19,131 which  g e n e r a l i z e  Pomeranchuk ' s  t h e o r e m ,  i t  i s  p o s s i b l e  t o  
a p p l y  o r d i n a r y  me thods  [15,19], s t i p u l a t i n g ,  however ,  t h e  e l i m i n a t i o n  
o f  p o i n t s  o f  t h e  n u l l  s e t  f rom t h e  r e a l  a x i s .  Such e l i m i n a t i o n  i s  
a l s o  e s s e n t i a l  f o r  a s t r i c t  p r o o f  o f  a l l  t h e  r e s u l t s  i n  t h i s  a r t i c l e .  
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